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Abstract 

For a random vector X in M", we obtain bounds on the size of a 
sample, for which the empirical p-th moments of linear functionals are 
close to the exact ones uniformly on a convex body K C M". We prove 
an estimate for a general random vector and apply it to several prob- 
lems arising in geometric functional analysis. In particular, we find 
a short Lewis type decomposition for any finite dimensional subspace 
of Lp. We also prove that for an isotropic log-concave random vector, 
we only need [n^'/^ log nj sample points so that the empirical j?-th mo- 
ments of the linear functionals are almost isometrically the same as 
the exact ones. We obtain a concentration estimate for the empirical 
moments. The main ingredient of the proof is the construction of an 
appropriate majorizing measure to bound a certain Gaussian process. 

1 Introduction 

In many problems of geometric functional analysis it is necessary to approxi- 
mate a given random vector by an empirical sample. More precisely, given a 
random vector X G M", we want to find the smallest number m such that the 
properties of X can be recovered from the empirical measure ^Xj, 
constructed with independent copies Xi, . . . ,Xm of the vector X. In par- 
ticular, for p > 2 and for y G M", we want to approximate the moments 
E\{X,y)\P by the empirical averages l/'^XljLi K^i^?/)!^ with high probabil- 
ity. Moreover, we require this approximation to be uniform over y belonging 
to some convex symmetric set in R"". A problem of this type was considered 
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in [H]. Formulated in analytic language, it asks about finding the smallest 
m and a set of points Xi, . . .Xm G X such that for any function / from an 
77,-dimensional function space F C Li{X,fi), 



:i-e 



^ m 

i<-Ei/(^:'-)i^(i-^ 



m 



Another example of such problems originates in Computer Science. The 
probabilistic algorithm for estimating the volume of an n-dimensional convex 
body, constructed by Kannan, Lovasz, and Simonovits [121 required to bring 
the body to a nearly isotropic position as a preliminary step. To this end, 
one has to sample m random points Xi, . . . ,Xm in the body L so that the 
empirical isotropy tensor will be close to the exact one, namely 



1^ If 

- > Xj <S) Xj — — / : 

m ^ ^ ^ vol(L) Jl 



X ® xdx 



< e. (1) 



This problem was attacked with different probabilistic techniques. The orig- 
inal estimate of was significantly improved by Bourgain jlj. Using the 
decoupling method he proved that m = C(e)nlog^n vectors Xi, . . .Xm uni- 
formly distributed in the body L satisfy (0) with high probability. This 
estimate was farther improved to {Cn/e^) ■ log^ (Cn/e^) in [2^1 • The 
proof in j2H] used majorizing measures, while the later proof in j2n] was 
based on the non-commutative Khinchine inequality. 

These problems were put into a general framework by Giannopoulos and 
Milman [5], who related them to the concentration properties of a random 
vector. Let a > and let z/ be a probability measure on (X, For a 
function / : X M define the ipa-noim. by 



inf{A > I / e^^{\f\/\Ydv < 2}. 



Chebychev's inequality shows that the functions with bounded T/^Q-norm are 
strongly concentrated, namely u{x \ > At} < Cexp(— t"'). Let yU be a 

Borel measure in M". It is called isotropic if 

X ® X dfi{x) = Id, 

where Id is the identity operator in M". Note that this normalization is 
consistent with the one used in 1221 I2S]- The normalization used in 
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IH] differs from it by the multiplicative coefficient L^, where is the 
isotropic constant oi fi (see [TU]). 

The paper [U] considers isotropic measures which satisfy the ?/'a-condition 
for scalar products: 

\\{-^y)h.<c 

for all y G 5""^^. Here and below C, c, . . . denote absolute constants, whose 
value may change at each occurrence. 

Note that by Borell's lemma, any log-concave measure in M."' satisfies the 
V'l-condition [201, [IHl- Let p > I and let fi be an isotropic log-concave mea- 
sure satisfying the ipa condition for scalar products with some a G [1, 2]. The 
central result of [Hj provides an estimate for the minimal size of a set of in- 
dependent random vectors Xi, . . . , Xm distributed according to the measure 
/i such that the empirical p-moments satisfy the inequality 

ri(p)< (^-EK^'2/)rj <r2(p), ^yeS-\ (2) 

The ■j/'a-condition implies that the Lp{fi) and L2(yu)-norms of the function 
fy{x) = {x,y) are equivalent. Thus the inequality (0) means that the em- 
pirical p-moment of fy is equivalent to the real p-moment up to a constant 
coefficient. 

In the present paper we use a different approach to this problem based 
on the majorizing measure technique developed by Talagrand ''28\. This 
approach lead to breakthrough results in various problems in probabilistic 
combinatorics and analysis (see |2H| and references therein). In a similar 
context the majorizing measures were applied in [77| to select small almost 
orthogonal submatrices of an orthogonal matrix, and in pS] to prove the 
estimate with small m. 

To state the results we have to introduce some notation. Let (R", (■, ■)) 
be a Euclidean space, and let | ■ I2 be the associated Euclidean norm. For 
a symmetric convex body K in M.^, we denote by || ■ \\k the norm, whose 
unit ball is K, and by K° = {y E M."- \ \/x E K, {x,y) < 1} the polar of 
K. We assume that the body K has the modulus of convexity of power type 
q>2 (see Section |21 for the definition). Classical examples of convex bodies 
satisfying this property are unit balls of finite dimensional subspaces of Lg 
[Uj or of non-commutative L^-spaces (like Schatten trace class matrices (23 )• 
We denote by D the radius of the symmetric convex set K i.e. the smallest 
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D such that K C -D-B2 • Fo^' every 1 < q < +00, we define q* to be the 
conjugate of q, i.e. l/q+ l/q* = 1. 

Given a random vector X in M", let Xi, . . . , be m independent copies 
of X. Let i^' C be a convex symmetric body. Denote by 



Vp{K) = sup 



m 



m 



the maximal deviation of the empirical p-moment of X from the exact one. 
We would like to bound Vp{K) under minimal assumptions on the body K 
and random vector X. This will allow us to choose the size of the sample 
m for which this deviation is small with high probability. Although the 
resulting statement is pretty technical, it is apphcable to a wide range of 
problems arising in geometric functional analysis. We discuss some examples 
in Sections El IH 

To bound such random process, we must have some control of the random 
variable maxi<j<m \Xj\2. To this end we introduce the parameter Kp^mi^), 
which plays a key role below 



KpmiX) = I E max \Xj\2 ] 

\ l<i<ni / 



1/p 



We prove the following estimate for Vp{K). 

Theorem 1 Let K C (M", (■,■)) be a symmetric convex body of radius D. 
Assume that K has modulus of convexity of power type q for some q > 2. 
Let p > q and let q* be the conjugate of q. 

Let X be a random vector in M", and let Xi, . . . ,Xm be independent copies 
of X . Assume that 

^^ Jlogmy/'^ (/^ ■ < ■ supE|(X,y)r 

m y(zK 

for some S < 1. Then 

EVp{K) < 26 ■snpE\{X,y)\P. 

The constant Cp^x in Theorem 1 depends on p and on the parameter A in the 
definition of the modulus of convexity of power type q (see Section 2.1 for 
the definition). 
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Note that minimal assumptions on the vector X are enough to guarantee 
that E,Vp{K) becomes small for large m. Indeed, assume that the variable 
\X\2 possesses a finite moment of order p + e for some positive e. Then 



so the quantity 



(log m 



m ^ 



tends to when m goes to oo. Moreover, in most cases, Hp^m{X) may be 
bounded by a simpler quantity: 

E^^lX^l^j <e(E|X|^)^/^=:eM„ (3) 

where s = max(p, logm). 

Theorem ^ improves the results of P in two ways. First, it contains 
an almost isometric approximation of the Lp-moments of the random vector 
by empirical samples (see Theorem |21 below). Second, the assumption on 
the norm of a random vector X used in Theorem ^ is weaker than the ijja- 
assumption on the scalar products, appearing in jUj. This allows to handle 
the situations, where the ■j/'a-estimate does not hold (see e.g. approximate 
Lewis decompositions, discussed in Section 

While Theorem^combined with Chebychev's inequality provides a bound 
for Vp{K), which holds with high probability, it is often useful to have this 
probability exponentially close to 1. Using a measure concentration result 
of Talagrand ( J3] Theorem 6.21), we obtain such probability estimate in 
Theorem ^ 

We apply Theorem ^ to isotropic log-concave random vectors. This class 
includes many naturally arising types of random vectors, in particular a 
vector uniformly distributed in an isotropic convex body (see Section E] for 
exact definitions). The empirical moments of log-concave vectors have been 
extensively studied in the last years [13], 0, |H]- We will prove the 

following 
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Theorem 2 For any e G (0, 1) and p > 2 there exists nQ{e,p) such that for 
any n > no{e,p), the following holds: let X be a log-concave isotropic random 
vector in MJ^, let Xi, . . . , Xm be independent copies of X , if 

m = [Cp e~'^n^^'^ log n\ 

then for any t > e, with probabiblity greater than 1 — Cexp(— {t/C'peY^^) , 
for any y G M'^, 

^ m 

(1 - t)E| (X, y)\^<-Y, I (^.- ?/) r < (1 + m\ {X, y) y. 

i=i 

The constants Cp and C'p are positive real numbers depending only on p. 

TheoremElprovides an almost isometric approximation of the exact moments, 
instead of the isomorphic estimates of jH], and achieves it with fewer sample 
vectors. In the case p = 2, it also improves the estimate of and extends to 
the general setting the estimate obtained by Giannopoulos, Hartzoulaki and 
Tsolomitis [Hj for a random vector uniformly distributed in a 1-unconditional 
isotropic convex body. 

The rest of the paper is organized as follows. In Section |21 we formulate 
and prove the main results for abstract random vectors. The key step of the 
proof of Theorem ^ is the estimate of the Gaussian random process 

m 

z, = Y,9j\{Xj,y)r, 

where gj are independent standard Gaussian random variables A/'(0, 1). To 
obtain such estimate we construct an appropriate majorizing measure and 
apply the Majorizing measure theorem of Talagrand [2H1- In Sections El and 
I3J we provide applications of Theorem ^ Since we require only the existence 
of high order moments of the norm of X we can apply Theorem to the 
measures supported by the contact points of a convex body, like in 

as well as to finding a short Lewis-type decomposition, as described in 
Section 121 In Section (H we study in detail the case of log-concave random 
vectors X. In the last part of this paper, we extend the results obtained in 
[0] for a uniform distribution on a discrete cube to a general random vector 
X, which satisfies a ip2 estimate for the scalar products {X,y), y G M". 
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2 Maximal deviation of the empirical 2?- moment 



2.1 Statement of the results 

Let C M" be a convex symmetric body. The modulus of convexity of K 
is defined for any e G (0,2) by 



X + y 



^ K 



1, \\y\\K = 1, \\x - y\\K > e 



We say that K has modulus of convexity of power type g > 2 if 6k{£) > ce'' 
for every e G (0,2). It is known (see e.g., [SHI, Proposition 2.4 or [Zj) that 
this property is equivalent to the fact that the inequality 

' <l{M% + \\yrK)- 

K ^ 

holds for all x, ?/ e R*^. Here A > is a constant depending only on c and 
q. Referring to this inequality below, we shall say that K has modulus of 
convexity of power type q with constant A. 

Our main result is the following theorem, which implies Theorem Q from 
the Introduction. 





9 

+ A-^ 


x-y 


2 


K 
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Theorem 3 Let K G be a symmetric convex body of radius D . Assume 
that K has modulus of convexity of power type q with constant A for some 
q >2, and let q* be the conjugate of q. 

Let X be a random vector in R" and let Xi, . . . ,Xm be independent copies 
of X . For p > q set 

A = CP y^^^^^^0^{DKp^m{X)Y/^ andB = sup E| (X, |p. 

' yeK 



Then 



Esup 



^ m 

m ^ 



<A^ + Ay/B. 



The assumption of Theorem [T] reads A'^ < 6'^ ■ B, hence + A\/B < 2SB. 
Thus, Theorem ^ follows immediately from Theorem El 
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Remark. In fact we shall prove a slightly better inequality. Define 

^) = W^jW ' 

then TheoremElholds, if the quantity (D/tp ^(X))^/^ is replaced by Dk'^^^^X^ Ky/"^. 
Since C DB2, it is clear that 



K,. 



The proof of this Theorem is based on the following lemma. 

Lemma 1 Let K G be a symmetric convex body of radius D. Assume 
that K has modulus of convexity of power type q with constant A for some 
g > 2, A > 0. Let q* be the conjugate of q. 

Then for every p > q, and every deterministic vectors Xi, . . . , Xm in M", 



E sup 

ydK 



< 



C^AP (logm)^/^*D max |X,|2 sup V |(X„?/)| 

l<j<m \ ^ 



1/2 



2{P"1) 



ydK 



0=1 



where expectation is taken over the Bernoulli random variables {£j)i<j 



The proof of the Lemma uses a specific construction of a majorizing measure. 
It will be presented in part 12.21 

Proof of Theorem |31 The proof is based on a standard symmetrization 
argument. We denote by X[, . . . , X'^ independent copies of Xi, . . . , Xm- 
Let {ej)'jLi be independent symmetric Bernoulli random variables, which are 
independent of all others. Then the expectation of 



Vp{K) = sup 



y€K 



^ m 
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can be estimated as follows: 



mEVp{K) = Esup 
= Esup 



m 

^(Kx,,y)r-EKx;,y)r) 



< ExEx' sup 



5^(i(x,,y)r-i(x;,y)r) 



i=i 



ExEx'Ee sup 

y(^K 



< 2ExE^sup 

yGK 



J2'A\{x,,y)\'-\{x;,y)\') 

m 

Y.'j\{Xj,y)\ 



Therefore, Lemma implies 



EVp{K) < CP \W^^^^^0^Ex max jX^hsup ( -y \{X„y)\"^P- 

y/m l<j<m y(^K \m ^ 

Since p > 2, it is easy to see that 

Ex max |X,|2Sup (1 ^ |(X,, p(^-i)) 

/ m s 1/2 

Ex max |X,|2 max ||X, f^/r^up - | (X,, |M < 

l<j<m l<]<m \m / 

/ , m 

<jX,irf/2 Exsup-5^KX,,y)| 



1) 



1/2 



1/2 

< 



(X, El^p(ir) + sup E| (X, y) ^ 



1/2 



We get that EVp{K) < A'(EVp{K) + Bf^ where 

A = CP XPD^^^^^^X^< m(^, Kf/^ and 5 = sup El (X, y) P 

/m P' y(ZK 



which proves the announced result. 



We present now a deviation inequality for the positive random variable 
Vp{K) under the assumption that \X\2 satisfies some ipa estimate. Mendelson 
and Pajor JH] studied the same deviation inequality in the case p = 2 and 
K = B2 using a symmetrization argument. Our approach is based on a 
concentration result of Talagrand (Theorem 6.21 in |15j). 

Theorem 4 With the same notation as in Theorem\^ let Vp{K) he the ran- 
dom variable 



Vp{K) = sup 



m 



Assume that \\ |X|2||^^ < 00 for some < a < p. Then there exists a positive 
constant Ca^p depending only on a and p such that 



yt > 0, iP{Vp{K) > t) < 2exp (-(t/g)"/p) 

where 

Q = c^,p (eVp{K) + il^^Z^D^IIlXbli; 



m 



Remark. Observe that in the typical case, Q is of the order KVp{K) for 
which we may use Theorem 01 By Lemma El (see below), 

i^p,m{X)<C{p logm)V"|||X|2||^, 

therefore, using Theorem |Hl 

Q < Ca,p{2Al + Ai^) 

where 

A, = \PDP/' ^ ^ ' IWXUU^ and B = snpE\{X,y)f. 



For the proof of this theorem, we need an elementary lemma. 

Lemma 2 Let 6 > and let Zi, . . . , be independent copies of a random 
variable Z . Then 



max \ZA |L < Clog"'"^''m- \Z\ 

j=l,...,m 
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Proof. Note that for any random variable Y the inequahty ||^||^^ < A is 
equivalent to 

lirlL < CAr^/^ 



for all r > 1. Assume that r < logm. Then 

m 

nax \ZA ||, < || (V |Z,f < | E(V |Z 

=l...m ' \ ^ 



max 



log rrtNr/ log m 



j=l \ j=l 

m X 1/logm 



If r > logm, then using maxj=i^...^m c^j < (^JLi Q-p^'''^) get 

m 

max 11^ < (VeIZj-T)^/^ < m^/'' < Cr^/^ ■ ||Z| 

j=l,...,m 



These two inequalities imply the Lemma. □ 
Proof of Theorem SI To any vector x G we associate the function 

fx defined on K by 

fx-.K ^ R 

y ^ i{\{x,y)\^-E\{X,y)\n. 



where the Xj^s are 



Let fx be the random vector of L^o^K) associated to X. Now we apply 
Theorem 6.21 of Ledoux-Talagrand [T3] to Xljli fx 
independent copies of X. By definition, 

m 

\\^fx,\\Lo.{K) = Vp{K), 

i=i 

and 

Wfxh^iK) < - (snp\{X,y)\^ + snpE\{X,y)A < ^ {\X\l + E\X\l) . 
m \yfzK ydK / 'm 

Theorem 6.21 of Ledoux-Talagrand p[S] states that if a/p < 1, there exists 
a constant Ca^p depending only on a/p such that 



\Vp{K)\\^^^^ < c,,, Uvp{K) + II max ||/x,|U 
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Moreover, 



2DP 



max \\fxA\L^(K) \\^^,^ < 
i<i<"i ^ ; iiv-a/p ^ i<j<m 



max |Xj-|^||^^/^ 



max \Xj\2 11^^. 



Lemma El implies 



This proves that 



m l<j<m 



max iX.blU. <C^(logm)V"|| IX^U.. 

l<j<m 



(4) 



(logm)P/" 



I^P WIU./p < ca,p ( EV,{K) + '-^^ DP II iXbli;^ 



□ 



The deviation inequahty follows from the Chebychev inequality. 

2.2 Construction of majorizing measures 

Let us recall the assumptions of Lemma HJ The ambient space is equipped 
with a Euclidean structure and we denote by | ■ I2 the norm associated. The 
symmetric convex body K has a modulus of convexity of power type q > 2 
with a constant A, which means that 

' 1 
2' 



\/x,y e M", 



X + y 


g 


x-y 


2 


K 


2 



< T^m'K + wvrK) 



(5) 



and satisfies also the inclusion K C DB2, which means that 

Vx G R", |x|2 < I^llxllx. 

Let p > q > 2, and Xi, . . . ,Xm be m fixed vectors in R". We define the 
random process Vy for all ?/ G R" by 

m 

Vy = Y,ej\{Xj,y)\', 

where ej are independent symmetric Bernoulli random variables. It is well 
known that this process satisfies a sub-Gaussian tail estimate: \/y,y G R", 
Vt > 0, 



PilVy - ^vl > ^) < 2exp (-J^ ^ 
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where 

m 

d\y,y) = Y.{\{X,,y)r -\{X,,y)Yf . 
i=i 

Instead of working with this function which is not a metric, it will be prefer- 
able to consider the following quasi-metric 

m 

The following propositions state inequalities that we will need to prove Lemma 
^ Proposition Ogives some information concerning the geometry of the balls 
associated to the metric d and Proposition|21explains relation between metric 
d, new Euclidean norm and the following norm defined by 

||x||oo = max \{Xj,x)\. 

l<j<m 

We denote by Bp{x) the ball of center x with radius p for the quasi-metric d. 



Proposition 1 For all y,y G K 

d{y,y) <pd{y,y), (6) 
d{y,y)<V2\\y-y\\^ sup K^|(X,,y)p(^-i) , (7) 



\\y - y\\oo < D max \Xj\2 \\y-y\\K- (8) 

l<j<m 

Moreover, the quasi-metric d satisfies the generalized triangle inequality, and 
for any point x, the ball Bp{x) is a convex set: for all Ui, . . . , mat G M" and 
all x,y,z e W, 



N-l 



d{ui, un) < 2p ^ d{ui, Ui+i) and d^{x, '^-^^) < ^ {d^{x, y) + d^{x, z)) . (9) 



2 ' - 2 

i=l 



To prove it, we will need the following basic inequalities on real numbers. 
Lemma 3 For every x,y E and p >2, we have 

\xP - yP\ < p\x - y\^/x^P~^ + y^P-^ (10) 
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Moreover, if f{s, t) = \s — t\y^\s\'^P ^ + |t|2p 2 ^/^g^ y^^^ _ _ _ ^ ^ 



i=l 



and for all r, s, t E 



f{r,{s + t)/2f<{f{r,sy + f{r,ty)/2 

Proof. The first inequality is straightforward. To prove the second one, 
consider two cases. When rir^ > 0, since 

|ri - rNW\ri\'^-'+\rN\'P~'< V2|kir - 

the conclusion follows from the triangle inequality and inequality ()10p. When 
'"I'^Af < 0, we can assume without loss of generahty that ri > and r^ < 0. 
Then 

fin, r^) = (n + |r^|)/f-^7h^p^ < (ri + Ir^DK'^ + Ir^r') 
<2(r?+|r;vn. 

Let m < be a number such that > and r^+i < 0. Then 



m— 1 



JV-1 



i=l 



i=m+l 



Combining the previous inequalities with (fTUj) . we get 



m— 1 



/(ri,r^)<2 5^ 



i=l 
m—1 



i=m+l 

p— 1^ 



l^m+l 



+ 2(C + |r„+in + 2 ^ ||r.r-|r,+i|^ 

i=l 
iV-1 

j=m+l 
m—1 

< /(ri,ri+i) + 2y2/(r™,r„+i) + 2p /(ri,ri+i) 



1=1 



i=m+l 
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which proves the announced result. The last inequality follows from the fact 
that for p > 2, the function v ^-^ {1 — v)'^{l + v'^^"'^) is convex on M, which 
can be checked by computing the second derivative. □ 

Proof of Proposition Inequalities (jH)) and © clearly follow from the 
three inequalities proved in Lemma 121 Inequalities (|7j) and (jHI) follow from 
simple observations about d and the fact that K C DB2. □ 



Proposition 2 Let M = sup \{Xj,y)\'^^^ ^\ For a fixed u G K, we define 
the Euclidean norm \ ■ associated to u by 

m 



|2 



Then the following inequality holds for all z, z E : 

d\z, z)<2. 4^-\\z --z\l + M\\z-z\\l{\\z- u\\T' ^lir '))• 

Proof. By homogeneity of the statement, we can assume that 

m 

M = supV|(X,,y)p(^'-i) = l. 

For any z G M", let = G {1, . . . , m} | z)| > 2|(X^,n)|}. Then by 

convexity of the function 1 1— > t^^"^, we have 

teLz ^eiz ^eiz 

which proves (since M = 1) that for any 2; G M", 

^|(X,,z)|2(f-i)<4P-i|i^ ".112^^-2 

Hence, for any 2;,^ G M", 



5^ I (X,, z - n (X,, p(^-i) <\\z--z\\iY. I ^) I 



2(p-l) 
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For any I ^ we have |(X;, z) \ < 2|(X/,-u)|, so 

m 

£fL^ i=l 

The same inequahties hold if we exchange the roles of z and z. To compute 
(f{zi, Zj), we split the sum in four parts and apply the inequalities above: 

m 

= I (X,, z - z) n (X,, z) 1^(^-1) + j2 1 (^^' ^ - ^) n (^^' ^) i'^'"'^ 
< 2 . 4^-^ (iz - + ii. - -z\\u\\z - ^iir^ + - ^iir^)) . □ 

Proof of Lemma 12 By inequality we may treat Vy as a sub-Gaussian 
process with the quasi-metric p-d. By homogeneity of the statement, we can 
assume that 

m 

sup5^KX„y)p(^-i) = L 

Denote Q = maxi<j<m |Xj|2. We want to show that 

Esup \Vy\ <CPy Q (logm)^/«* D. (11) 

By Proposition^ the diameter of the set K with respect to the metric d is 
bounded by 2y/2QD. Let r be a fixed number chosen such that r = cp for 
a large universal constant c and fco be the largest integer such that r~^° > 
2V2QD. 

The proof of inequality (fTT|) is based on the majorizing measure theory of 
Talagrand [2H]- The following theorem is a combination of Proposition 2.3, 
Theorem 4.1 and Proposition 4.5 of j2H]- Note that assuming that r > 2, one 
can set K{r) = C in Proposition 2.3, and K{2, l,r) = C in Proposition 4.5. 

Theorem Let r > 2. Let (p^ : K ^ M"*" for k > he a family of maps 
satisfying the following assumption: there exists A > such that for any 
point X & K, for any k > ko and any N eN 
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{for any points Xi, . . . , Xjv G Br-k{x) with d{xi, Xj) > r ^ ^,i j 
we have max (j)k+2ixi) > (pkix) + — r^''\/log N. 
i = l,...,N ^ ^ ^ ' TV/ ^ V o 

Then for any fixed yo e K, 

E sup I — I < c A ■ sup 0fc (x) . 

yeK k>ko,xeK 



To obtain the conclusion of Lemma HJ set yo = 0. 
To complete the proof , we have to define the functionals (pk '■ K ^ Let 
ki be the smallest integer such that r"'^^ < QDj^Jn. For A; > fci + 1, set 



I— k 

M^) = 1 + TT, + nnn M/e E r~W^og{l + AQDr^). 

zlogr Q D [\ogm)^i'i ^—^ 

Note that in this range of k the functionals 0^ do not depend on x. We shall 
show that with this choice of 0^? the condition (if) follows from the classical 
volumetric estimate of the covering numbers. 

For ko < k < ki, the functionals 0^ are defined by 

k — ko 

0fe(x) = mm{\\y\\%,y e Bip^-k{x)} + . 

logm 

Since q > 2 then 1 < q* <2 and (logm)^/"^* > i/logm. It is easy to see using 
definitions of /cq and ki that 

sup 0fc(x) < c. 

We shall prove that our functionals satisfy condition (H) for 

A = {CXy Q D (logm)^/'?* 

where C is a large numerical constant. That will conclude the proof of Lemma 
^with a new constant C. □ 
Proof of condition (H). Let N E N, x E K, Xi, . . . , x^ G Br-k{x) with 
d{xi,Xj) > r^^^^. We have to prove that 

r~^\/\ogN 
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For A; > A; 1 — 1, we always have 



, . . , . . . v/nlog(l + 4QDr^+2) „,_2 

Since the points xi, . . . , are well separated in the metric d, they are also 
well separated in the norm || ■ H^^. Indeed, by (jTj) and (jSj), we have 

\\xi-Xj\\K > r~^'^/QDV2. 

By the classical volumetric estimate, the maximal cardinality of a t-net in 
a convex symmetric body K C M" with respect to || ■ \\k does not exceed 
(l + 2/tf . Therefore, 



+11 



^/\ogN < \Jn\og{l + 2V2QDr^ 

which proves the desired inequality. 

The case kf) < k < ki — 2 is much more difficult. Our proof uses estimates 
of the covering numbers, in particular, the dual Sudakov inequality 
Recall that the covering number N{W, || ■ \\Xii) is the minimal cardinality of 
II ■ ||x-balls of radius t needed to cover the W . 

For j = 1,. . . ,N denote by Zj G K the points which satisfy H^jHI- = 
min{||?/|||^, ?/ G B4pr~k^2{xj)}. Denote hj u E K a point such that ||m||^ = 
min{||2/||^,?/ G B^pr-k{x)}. Set 

9 = max ll^^jllli- — 
j 

Then we have max^ (f)k+2{xj) — 4>k{x) = + j^;^- We shall prove that 

e + > r-''J\ogN/A. (12) 

logm 

Since d{xi, xj) > r"*^"^, zi G ^4^^-^-2(0;;), and d satisfies a generalized triangle 
inequality, the points {zj)i<j<N remain well separated. Indeed, 

r~^^^ < d{xi,Xj) < 2p{d{xi, Zi)+d{zi, Zj)+d{zj, Xj)) < 2pd{zi, Zj) + lQp'^r~^~'^ 

and since r = cp^, we have 

d{zi,Zj) > r'^~^/cp 
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for all i ^ j. Recall that r = cp^. Using again the generalized triangle 
inequality, we get that 



Zj) < 2p{d{x, Xj) + d(xj, Zj)) < 2p{r ^ + Apr 



< Apr ^. 



It means that Zj G B^pr-k{x), u G B/^p^-k^x), and the convexity of the balls 
for the quasi-metric d proved in Proposition ^ implies {u + Zj)/2 G B/^pr-kix). 
Since K has modulus of convexity of power type g, inequality (0) holds. By 
the definition of u, we get that for all j = 1, . . . , 



Zj-U 



K 



<\m\'K+\\urK) 



Za + U 



lU.II'? _ lU/ll'? 



This proves that Vj = 1, . . . , A^, - u||a' < 2A6'^/'?. Let 5 > 0. Consider the 
set 

?7 = M + 2\9^/''K 

which contains all the Zj^s and let S be the maximal number of points in U 
that are 26 separated in || ■ ||oo- Then U is covered by S subsets of diameter 
smaller than 26 in || ■ ||oo metric, and so S' < N{U, \\ ■ ||oo, 26). Set 



6 = 

where the constant c will be chosen later. Since U = u 
K C ,the dual Sudakov inequality [221 implies 



2\e^l'iK and 



V^i^ < ^\ogN{B^, II • lU, 6/D\ey'i) <cD\ e^l^ E||G|U / 6. 
Here G denotes a standard Gaussian vector in M". It is well known that 
E||G'||oo = IE max |(X,-,G)| <cQ ^logm. 

j=l,...,m 

We consider now two cases. 

First, assume that S > \fN . Then by previous estimate and the definition 
of (5, we get 



^/\ogN <cQ \D v^logm / 6 < 9 &' r^ Q \p D ^/logm 
which easily proves (fT^ (since g* < 2). 
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The second case is when S < ^/N. Since U is covered by S balls of 
diameter smaller than 25 in || ■ ||oo, there exists a subset J of {1, ... , A^} with 
#J > y/N such that 

Vi, j G J, II 2;^ - ZjWoo < 2S. 
By Proposition 121 applied to the Euclidean norm defined by 

m 

we get that 

Since ^ < 1 and q <p-, the definition of 5 implies 

Recall that d{zi^ Zj) > r^'^^^/cp and r = cp^. Hence, 

r-'Vcp^ < d{z,, z^f < 2 ■ 4^'- V* - ^ilL + 2(4g)2fr-2^ 

Choosing c small enough, we get that for all i, j G J, 

ki-2;ilf„ >r-'=~V. 

Since ii' C DB2, we have the following estimate for the covering numbers: 

#J < N{U, I ■ |f„, cPr-^-^) = N{K, I ■ |^„, cPr-'=-V2A^i/?) 

< iV(5^, I ■ \£^,cPr-^-^/2Xe^/W). 

Recall that G denotes a standard Gaussian vector in MJ^. By the dual Sudakov 
inequality [22] , we have 

yiogiV(52M-k,^3^;^) < C^' r'^+MV'^ A D E|Gk 

< CP r'^^^ 9^/" X D {E\G\iy^\ 

Since for all 2/ G /sT, E7=i K^j,!/)!^^""^^ < 1, we obtain 

m 

E\G\l = J2ml\{Xi,u)\'^'-'^<Q'. 
20 



Since #J > V^, we have y/\ogN < C^r^^^XDQO^/^ with a universal con- 
stant C. Moreover, by Young's inequahty 

^1/" < (logm)i/«* {d/q + l/{q*\ogm)) 

and since q* < 2 < q and A > 1, we get 

VlogA^ < (CXy r^+^ D Q (logm)^/"?* [6 + ) • 

\ log m / 

This completes the proof of (fT^ and the proof of condition (if) for the 
functionals (pk- n 



3 Approximate Lewis decomposition 

It is well known that if E is an ra-dimensional subspace of Lp, then E is 
(1 + £:)-isomorphic to an ra-dimensional subspace of with N depending on 
n, p and e. Lewis [16j proved that any linear subspace E of ip possesses a 
special decomposition of the identity. More precisely, there exists a Euclidean 
structure on E with the scalar product (■,■), vectors yi,...,yN G E and 
scalars Ci, . . . ,cn > such that 

' Vi, {yi,yi) = 1, 

/ ^ \i/p 

N 

Ids = ^Ciyi^yi. 

i=l 

Denote by {H, \ ■ \h) the linear space E equipped with this Euclidean 
structure. Recall that p* denotes the conjugate of p. In the following The- 
orem, we prove that both spaces E and H can be (1 + e)-embedded in £^ 
and respectively via the same linear operator T : — > M™, whenever 
m is of the order of £:~^?t,p/^ log^^^ (n/e^^^). This extends a classical result of 
Bourgain, Lindenstrauss and Milman [Hj (and ^Hl for a better dependance 
on e) and some results in [21] concerning the number of contact points of a 
convex body needed to approximate the identity decomposition. 
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Theorem 5 Let E be an n- dimensional subspace of Lp for some p > 2. 
Then for every e > there exists a Euclidean structure H = {E, (-, ■)) on E 
and m points Xi, . . . , Xm in E with 

CP 
72" 



4/p 



< —r nP''^ log^ 



n 



such that Vj, \xj\H = 1 and for all y & E, 



(m X 
j=i ' 

m 



1/p 



£)\y\H < 



n 
m 



<(i + ^)lbl 



< {i + £)\y\H. 



Proof. Let X be the random vector taking values yi with probability Ci/n. 
Then for all y & E, 

E\{X,y)\P = \\yfj,/n and E\{X,y)\'' = \y\l/n and \X\h = 1. 

We will apply Theorem^ twice: first time for the unit ball of E, and then 
for the unit ball of H. 

Since is a subspace of Lp, by Clarkson's inequality [H], Be has modulus 

of convexity of power type p with constant A = 1. From Lewis decomposition, 

-— - i_i 
we get WyliE < \y\H < n'^ ''WyllE which means that for D = p, 

BhCBeC DBh. 

Let Xi, . . . , Xm be independent copies of X, then 

/ X l/P 

sup 'E\{X,y)\P = 1/n and Kp^iX) = E max =1. 

Applying Theorem ^ with 5 = e, we get that if m > C^n^/^(logm)^/^*/^^) 
then 

' n 

m 



E sup 

yeBE 



< e. 



Now, we apply Theorem ^ for K = Bh which clearly has modulus of 
convexity of power type 2 (i.e. satisfies inequality (0) for g = 2). In that 
case, D = 1, and 

/ X 1/2 

sup E|(X, ?/)|^ = 1/n and K2m{X) = I E max \Xj\l I = 1. 
\y\H<i ' V i^J^*" / 
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Applying Theorem Q for q = p = 2 and S = e, we get that if m > 
C^nlogm/e^, 

' n 
m 



E sup 



< e. 



Choosing the smallest integer m such that, for a new constant C, 

CP 



m 



we get by Chebychev's inequality that there exist m vectors xi,. . . ,Xm of 
Euclidean norm 1 such that for all y & E, 



-Y.\(^.y)\'-\\yrE 



and 



which gives the desired result. 



n 
m 



<e\\y\\l 



<^\y\H 



□ 



4 Isotropic log-concave vectors in 

We investigate the case of X being an isotropic log-concave vector in M" 
(or also a vector uniformly distributed in an isotropic convex body). Let 
us recall some definitions and classical facts about log-concave measures. A 
probability measure /i on M" is said to be log-concave if for every compact 
sets A, B, and every A e [0, 1], /i(AA + (1 - X)B) > ii{Ayij,{By-^. There is 
always a Euclidean structure (■, ■) on for which this measure is isotropic, 
i.e. for every y G M", 

E(X,y)2= / {x,yydfiix) = \y\l. 

A particular case of a log-concave probability measure is the normalized 
uniform (Lebesgue) measure on a convex body. Borell's inequality [3] (see 
also 1201 CSl) implies that the linear functionals x ^— (x, y) satisfy Khintchine 
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type inequalities with respect to log-concave probability measures. Namely, 
if p > 2, then for every ?/ G R", 

{E{X,y)'Y^' < {E\{X,y)ff^ < Cp {E{X,y)'y^\ (13) 
or in other words 

\\{;y)\U,<C{E{X,yff\ 

We have stated in Q that it is easy to deduce some information about 
the parameter Kp^rn{X) from the behavior of the moment Mg of order s = 
max(p, log m) of the Euclidean norm of the random vector X. These moments 
were studied for a random vector uniformly distributed in an isotropic 1- 
unconditional convex body in |2j, and for a vector uniformly distributed in 
the unit ball of a Schatten trace class in ^21; where it was proved that when 
s < C\fn^ Ms is of the same order as M2 (up to constant not depending on 
s). Very recently, Paouris [21J proved that the same statement is valid for 
any log-concave isotropic random vector in M"". We state precisely his result. 

Theorem |2I] There exist constants c, C > such that for any log-concave 
isotropic random vector X m R", for any p < C\fn, 

{p.XWfl" < C(E|X|2)'/'. 



From this sharp estimate, we will deduce the following 

Lemma 4 Let X he an isotropic log- concave random vector in R" and let 
{Xj)i<j<m be independent copies of X. If m < e^^, then for any p > 2 

= max |X,|^V^' < | ^'^J^ 
^ y i<j<m J {C-py'nifp> logm 

Proof. Since X is isotropic, and for every y G M", E{X,y)'^ = \y\l, we get 
E\X\l = n. By Borell's inequality 0, Vg > 2, (E|X||)i/5 < Cq^. Therefore 
if p > log m, 



(e max \Xj\l\ < (E {X/A < Cprn^l^ ^ < Cp^f^. 

If p < logm, by 

(e max \X^\\\ < e (^E|X|'2°^™ 
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Since m < e^^, logm < Cy/n, the Theorem of Paouris imphes 

(, \ 1 / log m 

which concludes the proof of the Lemma. □ 

Corollary 1 Let X be an isotropic log- concave random vector in M", and 
let (-^j)i<j<m independent copies of X. Then for every m < 



max 

l<j<m ' 



\Xj\2 lUi < Cy/n. 
Proof. By Lemma El we know that 



Vr > 2, max |X,|;^ < Cry/E 

which proves the claimed estimate for the ■j/'i-norm. □ 

Remark. Recall that for a random isotropic log-concave vector, Borell's 
inequality imphes that 

II \X\2 11^1 < Cy/n. 

Therefore, a direct application of LemmaElis not enough to obtain the desired 
estimate. 

We are now able to give a proof of Theorem|21 It is based on the estimates 
of Kp_m(X) proved above. 

Proof of Theorem [21 Let e E (0, 1) and p > 2 and set nQ(£,p) = Cp + e"''/^ 
where Cp depends only on p. For any n > no{e,p), for any log-concave 
isotropic random vector X in M", set 



Vp = sup 



m 

-Y.\^X„y)\^ - E\{X,y)\^ 



m 



where Xi, . . . , Xm are independent copies of X. Assume that p < logm and 
^ < gCv^ then by Lemma |2 we know that 



We shall use Theorem ^ with K = B2 which is uniformly convex of power 
type 2 with constant 1 and for which D = 1. By (fT3|) . 

1< sup E\{X,y)f<p^, 
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therefore Theorem Q implies that for every S G (0, 1), satisfying 
< 6 m, we have 



E sup 



< 25 f. 



By taking 6 such that 26pP = e, we deduce that 

if m > C; e-'^nP/^ log{ne~^/'') then EVp < e. 

Since n > no{e,p), it is easy to see that if 

m = [Cp £:~^n^/^ lognj, 

then m > Cp e^^n^/^ log(n£:^"^/^), m < e'^^ and p < logm which allows us 
to use the estimate EVp < e. 

To get a deviation inequality for Vp, we will apply a result similar to 
Theorem 13 We know by Corollary ^ that 



max 

l<j<m 



\X\2 11^1 < C^/n. 



Following the proof of Theorem 0] and replacing inequality ^ by the previous 
estimate, we easily see that 



IK 



pUi,p < Cp { EVp + 



m 



Since [Cp e '^nPl'^ log n\ = m then 

EVp < e and ^nPl'^jm < e 
and we deduce from the Chebychev inequality that for any t > 0, 

nVp>t)<Cexpi- {t/CpsY^"). 

Therefore, for any t > e, with probability greater than 1—C exp(— (t/ C^e) ^^^) 
VyGM", -^|(X„y)r - E|(X,y)r <t\y\l 



Vp <t which means that 
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Since \y\2 = (E(X,y)2)V2 < (E| (X, we get the claimed result of 

Theorem |21 □ 
Remark. Since by Borell's inequality (|T3|l . for any y G M", 

\y\, = {E{X,y)'Y/' < (E|(X,y)n^/^ < Cp{E{X,y)Y' = Cpbh, 
it is clear that Theorem El improves the results of Giannopoulos and Milman 

5 When the hnear functionals associated to 
the random vector X satisfy a ^2 condition 

Let start this section considering the case when X is a Gaussian vector in 
M". Let Xj, j = 1, . . . ,m, be independent copies of X. For t G denote 
by Xt^y the Gaussian random variable 

m 

Observe that if p* denotes the conjugate of p, then 

i/p 



supx,, = fx;i(^.,y)r) 

p* ^ 7=1 ' 



p ^ 3 

Let Z and Y be Gaussian vectors in and M" respectively. Using Gordon's 
inequalities fO], it is easy to show that whenever E|Z|p > e~-'^E|y|2 (i.e. for 
a universal constant c, m > c^pP/^e~%^/^) 

i/p 

< 



E\Z\,-E\Y\2<E M (f]\{X,,y)A 
E sup f^KX^y)!^) 



<E sup { }^\{X„y)\n < E\Z\, + E\Y\,, 
j=i / 

where (E|Z|p + E|F|2)/(E|Z|p - E|F|2) < (1 + e)/{l - e). It is therefore 
possible to get (with high probability with respect to the dimension n, see 
yjj) a family of m random vectors Xi, . . . , X^ such that for every y G M", 

i/p 
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This argument significantly improves the bound on m in Theorem|21for Gaus- 
sian random vectors. 

In this part we will be interested in isomorphic moment estimates (in- 
stead of almost isometric as in Theorem 12)). We will be able to extend the 
estimate for the Gaussian random vector to random vector X satisfying the 
iIj2 condition for linear functionals y ^ {X, y) with the same dependance on 
m. 

Recall that a random variable Z satisfies the il)2 condition if and only if 
for any A G M 

Eexp(AZ) < 2exp(cA^ ■ \\Z\\l). 
We prove the following 

Theorem 6 Let X be an isotropic random vector in such that all func- 
tionals y ^ {X,y) satisfy the 1^2 condition. Let Xi, . . . ,Xm be independent 
copies of X. Then for every p >2 and every m > n^l'^ 

/ . m X 1/p 

Note that the results of Part 3 of ^ follow immediately from Theorem El 
since the random vector with independent ±1 coordinates satisfies the ip2 
condition for scalar products. 
Proof. Since X is isotropic, 

\\{X,y)\\^^<c\\{X,y)\\^ = c\y\. 

Hence, for any A G M 

EexpA(X,?/) < 2e"^'l^l2. 

Writing 

m 

A = Xt,y - X,^y, = {{^3 - t'j){Xj,y) + t'^{X„ y - y')) , 

it is easy to find a new constant c > 1 such that for every t, t' G -B^, y, y' G B2 
and every A G M^, 

Eexp(AA) < 2e^^'(l*-*'l'+l^-J''l2). 
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This means that ||A||^^ < c{\t — t'W + \y — u'WY^"^, and so Xt^y is a sub- 
Gaussian random process with respect to the distance 

d{{t,y)-{t\y')) = {\t-t'\l + \y-yf^"\ 

Let Gt^y = {Z,t) + {Y,y), where Z G M"" and F G M" are two independent 
Gaussian vectors. Then 

{E\Gt,y ~ Gt',y'\'f' = d{{t,yy,{t',y')) 

The natural metric for the random process Xt^y is bounded by the metric of 
the process Gt.y The Majorizing Measure theorem of Talagrand [28] imphes 
that 

E sup Xt^y < C sup Gt,y 

for any compact set V C x M". Therefore, 

/ I \ i/p ]^ 

Esup -VKX,,y)r = Esup sup Vt,(X„|/) 

This proves that if m > n^/^, then 

i/p 



Esup (-J2\{X„y)r) 



as claimed. □ 

Remark. Let X be an isotropic random vector in satisfying the ip2 
estimate for the scalar products. It is not difficult to see, using Corollary 2.7 
in in], that if m > Cn, then with probability greater than 3/4 



V .7 = 1 ^ 



1/p 
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for every ?/ G M". Therefore, using Theorem IHl it is easy to deduce that if 
m > n^/^ , then with probabihty greater than 1/2 

/ , m sl/p 

with universal constants Ci,C2 > 1. This generahzes results of and gives 
an isomorphic version of the result of Klartag and Mendelson jHj valid for 
every p > 2. 
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